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EQUALITY OF PRESSURES FOR DIFFEOMORPHISMS
PRESERVING HYPERBOLIC MEASURES
KATRIN GELFERT
Abstract. For a diffeomorphism which preserves a hyperbolic measure
the potential ϕu = − log |Jac df |Eu | is studied. Various types of pres-
sure of ϕu are introduced. It is shown that these pressures satisfy a
corresponding variational principle.
1. Introduction
For a uniformly hyperbolic diffeomorphism f , the induced volume defor-
mation ϕu in the unstable subbundle over a compact f -invariant set signif-
icantly characterizes the geometry of the set as well as the dynamics in its
neighborhood. Under the hypothesis of uniform hyperbolicity, and partic-
ularly for hyperbolic surface diffeomorphisms, a large number of dynamical
quantifiers such as, for example, fractal dimensions, Lyapunov exponents,
and escape rates, are captured through the topological pressure of ϕu. If
f : M → M is a C1+ε diffeomorphism on a Riemannian manifold M (we
assume that some Riemannian metric onM is fixed) and Λ is an f -invariant
locally maximal set such that f |Λ is uniformly hyperbolic and satisfies spec-
ification (and hence is mixing), then the topological pressure Pf |Λ of the
function ϕu(x) = − log |Jac dfx|Eux | can be calculated through
(1) Pf |Λ(ϕ
u) = lim
n→∞
1
n
log
∑
fn(x)=x
|Jac dfnx |Eux |
−1
= sup
µ∈ME
(
hµ(f)−
∫
Λ
log |Jac df |Eu|dµ
)
(see [3] or [8]). Here the second equality (with the supremum taken over
all ergodic f -invariant measures supported in Λ) simply follows from the
variational principle by continuity of the function log |Jac df |Eu| : Λ → R.
Note that the supremum in (1) is in fact a maximum (see [3]). The measure
which realizes this maximum is of unique importance from several different
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points of view. A particular case is given when the maximizing measure is
the SRB (after Sinai Ruelle Bowen) measure of f , each of the terms in (1)
is zero, and Λ is an attractor (see [16] for further details and references).
In the case of more general dynamical systems, the above quantities are
likewise important, in particular for the issue of existence of SRB measures.
Note that the classical thermodynamic formalism, however, requires the
potential to be continuous. We point out that for a non-uniformly hyperbolic
system (a system with non-zero integrated Lyapunov exponents) it is natural
to consider potentials which are discontinuous: no continuous df -invariant
subbundleEu ⊂ TΛM may exist and x 7→ − log |Jac dfx|Eux | is in general only
a measurable function. In this paper we study appropriate modifications of
any of the terms in (1) by exploiting techniques which were developed by
Katok [7] and Mendoza [10] for dynamical systems with some non-uniformly
hyperbolic behavior. We combine them with an approach of a non-additive
version of the thermodynamic formalism, developed by [12, 5, 2] in particular
for non-conformal systems.
It is meaningful to consider a function ϕu
def
= − log |Jac df |Eu| which is
defined only on a certain subset of Λ. Pesin [12] developed an extension
of the classical topological pressure to a pressure on sets which are not
necessarily compact nor invariant, but his approach requires the potential
functions to be continuous. Mummert [11] discusses for example a pressure
for non-continuous potentials and provides a meaningful generalization of
Pf |Λ(ϕ
u) in the case that f preserves a hyperbolic measure. In [6] the
so-called saddle point pressure Pf,SP(ϕ
u) is introduced, which is entirely
determined by the values of ϕu on the periodic points of saddle type (see
Section 2 for the definition), and which generalizes the second term in (1) in
the case that such periodic points do exist. Notice that, by the multiplicative
ergodic theorem, hµ(f)+
∫
Λ ϕ
udµ is well-defined for any ergodic f -invariant
probability measures with a positive Lyapunov exponent.
The main result of this paper is to show that the equalities (1) extend to
more general maps, including C1+ε diffeomorphisms possessing hyperbolic
invariant probability measures. Here we call an ergodic measure hyperbolic
or say it is of saddle type if it possesses at least one negative and one positive,
and no zero Lyapunov exponents. We say that f is non-uniformly hyperbolic
if every ergodic f -invariant measure is hyperbolic.
Paradigms of genuinely non-uniformly hyperbolic diffeomorphisms are
given, for example, within the family of He´non maps (see [4]). Another
perhaps simplest example is provided by the figure-8 attractor (composed
of homoclinic loops joining a fixed point of saddle type, see for example [7,
p. 140]). Even though here the maximal invariant set which is formed by
the loops does not support any other invariant probability measures besides
the Dirac measure supported at the saddle fixed point, it provides a basic
plug for more sophisticated models. A similar attractor is used for example
in [1] where it is inserted by a smooth surgery into a uniformly hyperbolic
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set. The resulting compact set Λ is invariant and locally maximal under a
smooth diffeomorphism f on a surface and Λ is the support of a measure µ
satisfying
hµ(f) +
∫
ϕudµ = max
ν
(
hν(f) +
∫
ϕudν
)
< 0,
where the maximum is taken over all ergodic f -invariant probability mea-
sures supported in Λ. Moreover, any ergodic measure supported in Λ is
hyperbolic, and hence f |Λ is non-uniformly hyperbolic in the sense intro-
duced above, but not uniformly hyperbolic.
In the following we always assume that f : M → M is a C1+ε diffeomor-
phism preserving a hyperbolic Borel probability measure supported on a
compact locally maximal f -invariant set Λ ⊂ M . Here by locally maximal
we mean that there exists an open neighborhood U ⊂ M of Λ such that
Λ =
⋂
n∈Z f
n(U). We denote by M the set of all Borel f -invariant proba-
bility measures on Λ, endowed with weak∗ topology, and by ME ⊂ M the
subset of ergodic measures.
Theorem 1. Let f : M → M be a C1+ε diffeomorphism and let Λ ⊂ M be
a compact locally maximal f -invariant set such that there exists a hyperbolic
f -invariant Borel probability measure supported on Λ. Then
(2) sup
K⊂Λ
Pf |K(ϕ
u) = Pf,SP(ϕ
u) = sup
ν∈ME(f |Λ) hyperbolic
(
hν(f) +
∫
Λ
ϕudν
)
,
with the first supremum taken over all compact f -invariant hyperbolic sets
K ⊂ Λ.
Note that by the Ruelle inequality (2) is always non-positive. By Young [15,
Theorem 4(1)], (2) is bounded from above by the escape rate of volume from
a small open neighborhood of Λ, which in turn is negative only if there is
a certain amount of repulsion in Λ and zero if Λ is attracting. However,
as indicated above, (2) can be negative even though that Λ is an attractor.
If (2) is zero and there exists a maximizing measure µ with hµ(f) > 0, then
µ is a SRB measure, and conversely if there exists a SRB measure µ, then
by the Pesin formula for the entropy
hµ(f) = −
∫
Λ
ϕudν = lim
n→∞
∫
Λ
log ||(dfn)∧||1/n dµ
(again we refer to [16] for details and references).
Here, in the previous formula the last integral, x 7→ (dfnx )
∧ is a map
between the full exterior algebras of the tangent spaces TxM and Tfn(x)M ,
induced by dfnx , and || · || is the operator norm induced by the Riemannian
metric. In geometric terms ||(dfnx )
∧|| measures the maximum of volumes of
images under dfnx of an arbitrarily k-dimensional cube, 1 ≤ k ≤ dimM , of
volume 1. Notice that for fixed n
(3) ϕn(x)
def
= − log ||(dfnx )
∧||
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is a Ho¨lder continuous functions. Turning to the pressure of that continuous
potential, we can formulate the following result.
Theorem 2. Let f : M → M be a C1+ε diffeomorphism and let Λ ⊂ M be
a compact locally maximal f -invariant set such that every f -invariant Borel
probability measure supported on Λ possesses a positive Lyapunov exponent.
Then
(4) sup
µ∈M(f |Λ)
(
hµ(f) +
∫
Λ
ϕudµ
)
= sup
n≥1
Pf |Λ
(
− log ||(dfn)∧||1/n
)
.
Note that the right hand side of (4) is independent of the Riemannian
metric. Further it is immaterial whether in the left hand side in (4) we take
the supremum over measures in M or in ME since the entropy hµ(f) and
the integral both are affine functions of µ. We remark that for any exam-
ple of a diffeomorphism with a dominated splitting, and in particular for
any partially hyperbolic diffeomorphism, which has a uniformly expanding
subbundle satisfies the assumptions in Theorem 2.
We introduce now a super-additive version Pf,SP(Φ) of pressure of the
sequence Φ
def
= (ϕn)n of the Ho¨lder continuous functions given by (3) (see
Section 3 for the definition of the pressure).
Theorem 3. Let f : M → M be a non-uniformly hyperbolic C1+ε diffeo-
morphism and let Λ ⊂ M be a compact locally maximal f -invariant set.
Then
(5)
Pf,SP(Φ) = sup
n≥1
Pf,SP
(
− log ||(dfn)∧||1/n
)
= sup
n≥1
Pf |Λ
(
− log ||(dfn)∧||1/n
)
.
Note that, by non-uniform hyperbolicity, the terms in (5) are also equal
to any of the terms in (2) and (4). At the end of Section 3 we will discuss
hypotheses, which are slightly weaker than non-uniform hyperbolicity, under
which we can prove (5) in the case of a surface diffeomorphism.
Remark 1. In [2] the non-additive topological pressure Pf |Λ(Ψ) of a general
sequence Ψ of continuous functions with respect to f |Λ is studied and a non-
additive version of the variational principle of the classical thermodynamic
formalism is established. Applying this approach to the above setting, we
can conclude that
sup
ν∈ME(f |Λ) hyperbolic
(
hν(f) +
∫
Λ
ϕudν
)
≤ Pf |Λ(Φ),
with the sequence Φ defined in (3) (see [2, Section 1.3] or [12]). A vari-
ational principle for Pf |Λ(Ψ) in terms of an equality has been established
in [2], however only for a rather restrictive class of sequences Ψ = (ψn)n of
continuous functions, to which Φ in general does not belong if f |Λ is not
hyperbolic.
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We now sketch the contents of the paper. In Section 2 we review some
concepts from smooth ergodic theory. We also recall the definition of the
pressure Pf,SP(ϕ
u) given in [6] and we introduce the pressure Pf,SP(Ψ) of a
super-additive function sequence Ψ. In Section 3 we derive several properties
of Pf,SP(Ψ) and prove Theorems 2 and 3. The proof of Theorem 1 is given
in Section 4.
2. Various types of pressure
We first review some concepts from smooth ergodic theory and fix some
notation.
2.1. Notions from smooth ergodic theory. Given a point x ∈ Λ which
is Lyapunov regular with respect to f (see for example [9] for the definition
and details on Lyapunov regularity), there exist a positive integer s(x) ≤
dimM , numbers λ1(x) < · · · < λs(x)(x), and a df -invariant splitting
TxM =
s(x)⊕
i=1
Eix
such that for all i = 1, . . . , s(x) and v ∈ Eix \ {0} we have
lim
n→±∞
1
n
log ||dfnx (v)|| = λi(x).
We will count the values of the Lyapunov exponents λi(x) with their multi-
plicity, i.e. we consider the numbers λ1(x) ≤ · · · ≤ λdimM(x).
By the Oseledets multiplicative ergodic theorem, given µ ∈ M the set of
Lyapunov regular points has full measure and λi(·) is µ-measurable. We
denote by
(6) λi(µ)
def
=
∫
λi(x)dµ(x).
the Lyapunov exponents of the measure µ. In particular, if for µ ∈ME there
is 1 ≤ ℓ = ℓ(µ) < dimM such that
λℓ(µ) < 0 < λℓ+1(µ),
we say that µ is hyperbolic or of saddle type. In the following we always
assume that there exists an f -invariant ergodic Borel probability measure
which is hyperbolic.
Define
χ(µ)
def
= min
i
{|λi(µ)|}.
For a Lyapunov regular point x ∈ Λ let us denote through Eux (E
s
x) the span
of the subspaces of TxM that correspond to a positive Lyapunov exponent
(a negative Lyapunov exponent) and let
ϕu(x)
def
= − log |Jac dfx|Eux |.
If the subspace Eux is empty, it is convenient to set ϕ
u(x)
def
= 0.
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We call a compact f -invariant set K ⊂ M hyperbolic if there exists a
continuous df -invariant splitting of the tangent bundle TKM = E
u ⊕ Es
and constants c > 0 and λ ∈ (0, 1) such that for every x ∈ K and every
k ∈ N
||dfkx (v)|| ≤ cλ
k||v|| for all v ∈ Esx, ||df
−k
x (w)|| ≤ cλ
k||w|| for all w ∈ Eux .
The diffeomorphism f is said to be uniformly hyperbolic or Axiom A if the
periodic orbits are dense in the non-wandering set Ω(f) and if f |Ω(f) is
hyperbolic. We call the diffeomorphism f non-uniformly hyperbolic if every
f -invariant ergodic Borel probability measure is hyperbolic.
2.2. The saddle point pressure. We denote by R the set of Lyapunov
regular points in Λ. We note that the subbundle Eu ⊂ TRM cannot always
be extended continuously to TΛM , and in general there is no continuous
function ϕ with ϕ|R = ϕu.
We denote by SFix(fn) the fixed points of fn which are saddle points, and
by SPer(f) =
⋃
n≥1 SFix(f
n) the set of all saddle points. We introduce a
filtration of subsets of SPer(f) which are ordered according to the “strength
of hyperbolicity” of the saddle points. For 0 < α, 0 < c ≤ 1, and n ∈ N we
set
SFix(f,α,c)(f
n)
def
={
x ∈ SFix(fn) : for all k ≥ 1, v ∈ Esfℓ(x), w ∈ E
u
fℓ(x), 0 ≤ ℓ ≤ n− 1
||df−k
fℓ(x)
(v)|| ≥ cekα||v||, ||dfkfℓ(x)(w)|| ≥ ce
kα||w||
}
.
If α ≥ α′, c ≥ c′, then
(7) SFix(f,α,c)(f
n) ⊂ SFix(f,α′,c′)(f
n).
Further
SPer(f) =
⋃
α>0
⋃
c>0
∞⋃
n=1
SFix(f,α,c)(f
n).
Note that in the above definition we use the sub-script SFix(f,·,·) in order
to emphasize with respect to which map f the strength of hyperbolicity
is considered, because in the following we will take into consideration also
iterates of the diffeomorphism f . Notice that for every m ≥ 1 we have
(8) SFix(fn,nα,c·d(n))(f
mn) ⊂ SFix(f,α,c)(f
mn) ⊂ SFix(fn,nα,c)(f
mn),
where
(9) d(n)
def
= min
1≤ℓ≤n−1
(
eℓαmin
y∈Λ
{
||(df ℓy)
−1||, ||df ℓy ||
})
.
Clearly, every periodic point is Lyapunov regular, and thus, ϕu(x) is well-
defined for every x ∈ SPer(f). Let 0 < α and 0 < c ≤ 1. Define
Qf,SP(ϕ
u, α, c, n)
def
=
∑
x∈SFix(f,α,c)(fn)
exp (Snϕ
u(x))
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if SFix(f,α,c)(f
n) 6= ∅, where we use the notations Snψ(x)
def
= ψ(x) + · · · +
ψ(fn−1(x)), and
Qf,SP(ϕ
u, α, c, n)
def
= exp
(
n inf
x∈R
ϕu(x)
)
otherwise. We define
Pf,SP(ϕ
u, α, c)
def
= lim sup
n→∞
1
n
logQf,SP(ϕ
u, α, c, n).
It follows that if SFix(f,α,c)(f
n) 6= ∅ for some n ∈ N then Pf,SP(ϕ
u, α, c) is
entirely determined by the values of ϕu on the saddle points of f . Denote
Pf,SP(ϕ
u)
def
= lim
α→0
lim
c→0
Pf,SP(ϕ
u, α, c).
2.3. The super-additive saddle point pressure. We say that a sequence
Ψ = (ψn)n of functions ψn : M → R is super-additive (with respect to f) if
for every n, m ∈ N and x ∈M we have
ψn(x) + ψm(f
n(x)) ≤ ψn+m(x).
For a super-additive sequence Ψ = (ψn)n of continuous functions and for
numbers n ∈ N, 0 < α and 0 < c ≤ 1 we define
Qf,SP(Ψ, α, c, n)
def
=
∑
x∈SFix(f,α,c)(fn)
exp (ψn(x))
if SFix(f,α,c)(f
n) 6= ∅, and Qf,SP(Ψ, α, c, n)
def
= exp(infx∈Λ ψn(x)) otherwise.
We define
(10) Pf,SP(Ψ, α, c)
def
= lim sup
n→∞
1
n
logQf,SP(Ψ, α, c, n).
It follows that if SFix(f,α,c)(f
n) 6= ∅ for some n ∈ N, then Pf,SP(Ψ, α, c) is
entirely determined by the values of the potentials ψn on the periodic points
of f which are of saddle type. Denote
Pf,SP(Ψ)
def
= lim
α→0
lim
c→0
Pf,SP(Ψ, α, c).
3. Properties of the pressures
We collect together some immediate properties of the topological pressure
and of the above defined pressures. Let in the following Ψ = (ψn)n be a
sequence of continuous functions which is super-additive with respect to a
C1+ε diffeomorphism f : M →M .
Proposition 1. Pf |Λ(ψ1) ≤ Pf |Λ(
1
nψn) and Pfn|Λ(Snψ1) ≤ Pfn|Λ(ψn),
where here Snψ1(x) =
∑n−1
k=1 ψ1(f
k(x)).
Proof. This follows immediately from super-additivity of the sequence (ψn)n
and from the variational principle for the topological pressure. 
Proposition 2. Pf,SP(ψ1) ≤ Pf,SP
(
1
nψn
)
≤ Pf,SP(Ψ).
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Proof. Fix n ∈ N. Let m ∈ N and 0 ≤ ℓ < n. From super-additivity of the
function sequence we obtain
mn+ℓ−1∑
k=0
ψn(f
k(x)) =
n−1∑
i=0
m−2∑
k=0
ψn(f
kn+i(x)) +
mn+ℓ−1∑
k=(m−1)n
ψn(f
k(x))
≥ n
mn−1∑
k=0
ψ1(f
k(x))−
n−1∑
k=0
(
ψk(x) + ψk(f
mn−k−1(x))
)
+ (n+ ℓ− 1)C2(n)
≥ n
mn+ℓ−1∑
k=0
ψ1(f
k(x)) − n
mn+ℓ−1∑
k=mn
ψ1(f
k(x)) − 2nC1(n) + (n+ ℓ− 1)C2(n)
≥ n
mn+ℓ−1∑
k=0
ψ1(f
k(x)) − n(2 + ℓ)C1(n) + (n+ ℓ− 1)C2(n),
where we set ψ0(y) = 0 and
C1(n)
def
= max
k=1,...,2n−1
max
x∈Λ
ψk(x), C2(n)
def
= min
k=1,...,2n−1
min
x∈Λ
ψk(x).
From here we can conclude the first inequality is true. Analogously, by
super-additivity we have
nψmn+ℓ(x) ≥
(m−1)n−1∑
k=0
ψn(f
k(x)) +
n−1∑
k=0
(
ψk(x) + ψn+ℓ−k(f
(m−1)n+k(x)
)
≥
mn+ℓ−1∑
k=0
ψn(f
k(x)) + 2nC2(n)−
n+ℓ−1∑
k=0
ψn(f
(m−1)n+k(x))
≥
mn+ℓ−1∑
k=0
ψn(f
k(x))− (n+ ℓ)C1(n) + 2nC2(n).
From here we can conclude the second inequality. 
Proposition 3. Let α > 0, 0 < c < 1, and n ≥ N such that SFix(f,α,c)(f
n) 6=
∅. Then
Pf,SP(Ψ, α, c) ≥
1
n
Pfn,SP(ψn, nα, c · d(n))
with d(n) defined in (9).
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Proof. Let n ∈ N and 0 < α < 1 and 0 < c < 1 such that SFix(f,α,c)(f
n) 6=
∅. Given m ∈ N, by super-additivity and by the inclusion (8) we have
Qf,SP(Ψ, α, c,mn) =
∑
x∈SFix(f,α,c)(fmn)
exp (ψmn(x))
≥
∑
x∈SFix(fn,nα,c·d(n))(fmn)
exp (ψmn(x))
≥
∑
x∈SFix(fn,nα,c·d(n))((fn)m)
exp
(
ψn(x) + ψn(f
n(x)) + · · · + ψn(f
(m−1)n(x))
)
.
Thus, letting m→∞, we obtain
Pf,SP(Ψ, α, c) ≥
1
n
Pfn,SP(ψn, nα, c · d(n)).
This proves the proposition. 
We now introduce the sequence Φ = (ϕn)n of potentials which measure
the volume growth under dfn. Consider the linear map (dfx)
∧ : (TxM)
∧ →
(Tf(x)M)
∧ between the full exterior algebras of the tangent spaces induced
by dfx. Let ϕn : Λ→ R be given by
(11) ϕn(x)
def
= − log ||(dfnx )
∧||,
where the norm is the one that is induced by the Riemannian metric. Denote
by volℓ(v1, . . . , vℓ;x) the ℓ-dimensional volume of a parallelepiped which is
spanned by the vectors v1, . . ., vℓ ∈ TxM . Notice that we have
||(dfnx )
∧|| = max
1≤ℓ≤dimM
sup
vi∈TxM
volℓ(df
n
x (v1), . . . , df
n
x (vℓ); f
n(x))
voll(v1 . . . , vℓ;x)
.
Lemma 1. The sequence Φ = (ϕn)n given by (11) is a super-additive se-
quence of Ho¨lder continuous functions.
Proof. We can express ||(dfnx )
∧|| in terms of the singular values of dfnx . Recall
that the singular values σ1(L) ≥ · · · ≥ σdimM (L) ≥ 0 of a linear operator
L : TxM → Tf(x)M are the eigenvalues of (L
∗L)1/2, where L∗ denotes the
adjoint of L. We have
(12) ||(dfnx )
∧|| = max
1≤ℓ≤dimM
σ1(df
n
x ) · · · σℓ(df
n
x ).
For every n ∈ N and every 1 ≤ ℓ ≤ dimM the map x 7→ σℓ(df
n
x ) is Ho¨lder
continuous on M . Given x ∈ Λ, for some number 1 ≤ ℓ = ℓ(x, n + m) ≤
dimM we have ||(dfn+mx )
∧|| = σ1(df
m+n
x ) · · · σℓ(df
m+n
x ), which implies
||(dfn+mx )
∧|| = σ1(df
n+m
x ) · · · σℓ(df
n+m
x )
≤ σ1(df
n
x ) · · · σℓ(df
n
x ) · σ1(df
m
fn(x)) · · · σℓ(df
m
fn(x))
≤ ||(dfnx )
∧|| ||(dfmfn(x))
∧||,
where the last inequality follows from the relation (12). This implies the
super-additivity of the sequence Φ = (ϕn)n. 
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The exponential volume growth rate is naturally related to the Lyapunov
exponents of f . For every Lyapunov regular point x with a positive Lya-
punov exponent, by df -invariance of the unstable subbundle Eu we conclude
that
(13) − log |Jac dfnx |Eux | = Snϕ
u(x),
moreover, for every Lyapunov regular point we have
lim
n→∞
1
n
log |Jac dfnx |Eux | =
∑
i
λi(x)
+,
where we denote a+
def
= max{0, a} (see [9, Corollary 11.4]).
We denote by M∞E the set of all ergodic Borel probability measures that
are invariant with respect to fk for some k ≥ 1. Let ν ∈ M∞E be an
ergodic fk-invariant Borel probability measure. Super-additivity implies
the existence of the following limit and the equality
(14) lim
n→∞
1
kn
∫
Λ
ϕkn dν = sup
n≥1
∫
Λ
1
kn
ϕkndν
(compare, for example, [14, Theorem 10.1]). Further, since for 1 ≤ ℓ < k∫
Λ
ϕkn+ℓ dν ≥
∫
Λ
(ϕkn(x) + ϕℓ(f
kn(x))) dν(x) =
∫
Λ
ϕkn dν +
∫
Λ
ϕℓ dν
and ∫
Λ
ϕkn+ℓ dν ≤
∫
Λ
ϕ(n+1)k dν −
∫
Λ
ϕk−ℓ dν,
we can conclude that the following limit exists
(15) lim
n→∞
1
n
∫
Λ
ϕndν
and is equal to (14).
If ν ∈ M∞E is an ergodic f
k-invariant Borel probability measure with a
positive Lyapunov exponent, then it follows from the multiplicative ergodic
theorem that the function x 7→ log |Jac dfkx |Eux | is integrable and that ν-
almost every point x is Lyapunov regular and satisfies
lim
n→∞
1
n
log ||(dfknx )
∧|| = lim
n→∞
1
n
log |Jac dfknx |Eux | = k
∑
i
λi(x)
+
(see for example [9]). Moreover, the functions x 7→ λi(x) are measurable
and fk-invariant, and so constant λi(x) = λi(ν) for ν-almost every x and
(16) lim
n→∞
1
kn
∫
Λ
ϕkn dν = sup
n≥1
∫
Λ
1
kn
ϕkn dν =
∫
Λ
ϕu dν = −
∑
i
λi(ν)
+.
Since for every n ≥ 1
1
k
∫
Λ
ϕk dν =
1
kn
∫
Λ
nϕk dν ≤
1
kn
∫
Λ
ϕkn dν
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(remember that ν is fk-invariant), with (16) we obtain
(17)
1
k
∫
Λ
ϕk dν ≤ −
∑
i
λi(ν)
+.
Furthermore, even though that ν may not be invariant with respect to the
map f , it makes sense to define the entropy of ν with respect to f by
hν(f)
def
=
1
k
hν(f
k)
(see [5] for details).
We are now prepared to prove Theorem 2.
Proof of Theorem 2. Observe that for any f -invariant ergodic measure µ
(which, by assumption, possesses a positive Lyapunov exponent) as a par-
ticular case of (16) we have
(18) lim
n→∞
∫
Λ
1
n
ϕn dµ = sup
n≥1
∫
Λ
1
n
ϕn dµ =
∫
Λ
ϕudµ.
Thus, using the variational principle for pressure, we obtain
hµ(f) +
∫
Λ
ϕudµ = hµ(f) + sup
n≥1
∫
Λ
1
n
ϕn dµ ≤ sup
n≥1
Pf |Λ
(
1
n
ϕn
)
.
On the other hand for every n ≥ 1
Pf |Λ
(
1
n
ϕn
)
= sup
µ∈ME
(
hµ(f) +
∫
Λ
1
n
ϕn dµ
)
≤ sup
µ∈ME
(
hµ(f) +
∫
Λ
ϕudµ
)
,
where we used (18). From here the statement follows. 
Proposition 4. Pf,SP(Φ) ≤ Pf,SP(ϕ
u)
Proof. Notice that we have ϕn(x) ≤ Snϕ
u(x) for every saddle point x. 
Proposition 5. If f |Λ is non-uniformly hyperbolic, then Pf,SP(
1
nϕn) =
Pf |Λ(
1
nϕn) and Pfn,SP(ϕn) = Pfn|Λ(ϕn).
Proof. For every n ≥ 1, fn is a C1+ε diffeomorphism which is non-uniformly
hyperbolic and with respect to which Λ is locally maximal. Given the Ho¨lder
continuous potentials 1nϕn and ϕn, the statement is proved similar to [6,
Theorem 1] applied to the diffeomorphisms f and fn, respectively. 
Proposition 6. Under the hypothesis of Theorem 3 we have
(19) sup
ν∈M∞E
(
hν(f)−
∑
i
λi(ν)
+
)
≤ Pf,SP(Φ).
Proof. Let us assume that there exists ν ∈ M∞E which is invariant with
respect to fk for some k ≥ 1 and which satisfies
0 < hν(f)−
∑
i
λi(ν)
+ − Pf,SP(Φ)
def
= δ.
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By (16) there exists N ≥ 1 such that for every ℓ ≥ N
hν(f) +
1
ℓ
∫
Λ
ϕℓdν ≥ Pf,SP(Φ) +
3
4
δ.
Note that any fk-invariant ergodic measure is also invariant with respect
to fkℓ, ℓ ≥ 1. Hence, applying the variational principle for the topological
pressure with respect to the map fkℓ, we obtain for every ℓ ≥ N
1
kℓ
Pfkℓ|Λ(ϕkℓ) ≥ hν(f) +
1
kℓ
∫
Λ
ϕkℓdν ≥ Pf,SP(Φ) +
3
4
δ.
With Proposition 5 we obtain
1
kℓ
Pfkℓ,SP(ϕkℓ) ≥ Pf,SP(Φ) +
3
4
δ.
Choose numbers α0 > 0, and 0 < c0 < 1 such that
Pf,SP(Φ) +
1
4
δ ≥ Pf,SP(Φ, α, c).
for every 0 < α < α0 and 0 < c < c0.
Recall that by the Katok closing lemma (see [8]), given a Borel probability
measure ν which is invariant and hyperbolic with respect to some C1+ε
diffeomorphism g : M → M , we can always find sufficiently many orbits
that are periodic with respect to g (with some period) and of saddle type.
In particular, given a g = fk-invariant hyperbolic measure, for sufficiently
large ℓ ≥ 1 the set SPer(fkℓ) is nonempty. Fixing now ℓ ≥ N such that
SPer(fkℓ) 6= ∅, we find numbers α = α(ℓ) < α0 and c = c(ℓ) < c0 small
enough such that SPer(f,α,c)(f
kℓ) 6= ∅ and that
1
kℓ
Pfkℓ,SP(ϕkℓ, klα, c · d(kℓ)) ≥
1
kℓ
Pfkℓ,SP(ϕkℓ)−
δ
4
and hence
1
kℓ
Pfkℓ,SP(ϕkℓ, kℓα, c · d(kℓ)) > Pf,SP(Φ, α, c),
in contradiction to Proposition 3. Thus, we have shown (19). 
Proof of Theorem 3. With Proposition 4 and with Theorem 1 we obtain
Pf,SP(Φ) ≤ Pf,SP(ϕ
u) = sup
µ∈ME
(
hµ(f) +
∫
Λ
ϕudµ
)
.
Clearly ME ⊂M
∞
E . Thus, with Proposition 6 we can conclude that
sup
ν∈M∞E
(
hν(f)−
∑
i
λi(ν)
+
)
= sup
µ∈ME
(
hµ(f) +
∫
Λ
ϕudµ
)
= Pf,SP(Φ).
Moreover, with Theorem 2 and with Proposition 5 we obtain
sup
µ∈ME
(
hµ(f) +
∫
Λ
ϕudµ
)
= sup
n≥1
Pf |Λ
(
1
n
ϕn
)
= sup
n≥1
Pf,SP
(
1
n
ϕn
)
.
EQUALITY OF PRESSURES 13
This proves the theorem. 
We finally discuss slightly weaker hypotheses (20) and (21) under which
(5) can be established: Let f : M → M be a C1+ε surface diffeomorphism
and let Λ ⊂M be a compact locally maximal f -invariant set. Assume that
(20) sup
µ∈ME
1
n
∫
Λ
ϕn dµ < Pf |Λ
(
1
n
ϕn
)
for every n ≥ 1
or
(21) − inf
µ∈ME
∑
i
λi(µ)
+ < Pf |Λ
(
1
n
ϕn
)
for every n ≥ 1
in which case, using (14) we can also conclude that for n ≥ 1
sup
µ∈ME
1
n
∫
Λ
ϕn dµ ≤ − inf
µ∈ME
∑
i
λi(µ)
+ < Pf |Λ
(
1
n
ϕn
)
.
This allows us to apply [6, Theorem 1] to the diffeomorphism f and the
potential 1nϕn. We obtain Pf,SP(
1
nϕn) = Pf |Λ(
1
nϕn) for every n ≥ 1 and
hence the second equality in (5). We only mention that similar hypothesis
can be stated on the measures in M∞E in order to establish the first equality
in (5), but will refrain from formulating them since it seems to be hard to
control the total set of measures M∞E in general.
4. Proof of Theorem 1
Consider µ ∈ ME hyperbolic with hµ(f) > 0, and let 0 < α < χ(µ).
Extending some results by Katok (see e.g. [8, Chapter S.5]), or using Men-
doza [10] in the case of a surface diffeomorphism and Sa´nchez-Salas [13]
in the case of a diffeomorphisms on a higher-dimensional manifold, we de-
rive the existence of a sequence (µn)n of measures µn ∈ ME supported
on hyperbolic horseshoes Kn(µ) ⊂ M (see [8] for the definition) such that
hµn(f) → hµ(f), and χ(µn) → χ(µ). In particular, for each n ∈ N there
exist m, s ∈ N such that fm|Kn(µ) is conjugate to the full shift in s symbols.
Since Λ is a compact locally maximal f -invariant set, we can conclude that
Kn(µ) ⊂ Λ for all n ∈ N. The following is a consequence of the construction
given in these papers: One can construct the horseshoe Kn(µ) in such a
way that |
∫
ϕudµ+ log |Jac dfmx |Eux |
1/m| is small for points x in the rectan-
gles covering Kn(µ); and the variation of log |Jac df
m
x |Eux | on the horseshoe
Kn(µ) is bounded by a constant which only depends on the diameter of the
rectangle cover of the Pesin set, and which tends to zero as n→∞. Then we
can conclude that for every 0 < ε < χ(µ)−α there is a number n = n(ε) ≥ 1
and a measure µ ∈ME supported on Kn(µ) such that
(22) hµ(f)− ε < hµn(f),
∣∣∣∣
∫
Λ
ϕudµn −
∫
Λ
ϕudµ
∣∣∣∣ < ε.
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Moreover, there exists a number 0 < c0(n) ≤ 1 such that for every periodic
point x ∈ Kn(µ) and every k ∈ N we have
for every v ∈ Eux ||df
k
x (v)|| ≥ c0(n)e
k(χ(µ)−ε)||v||
for every w ∈ Esx ||df
−k
x (w)|| ≤ c0(n)e
k(−χ(µ)+ε)||w||.
This implies that for every k ∈ N
(23) Fix(fk) ∩Kn(µ) ⊂ SFix(f,α,c0)(f
k).
It follows from the above given approximation properties of the measures
µn that
(24) hµ(f) +
∫
ϕudµ ≤ sup
n≥1
(
hµn(f) +
∫
ϕudµn
)
≤ sup
n≥1
Pf |Kn(µ)(ϕ
u).
From [8, Proposition 20.3.3] we derive that for every n ≥ 1
Pf |Kn(µ)(ϕ
u) = lim
k→∞
1
k
log
∑
x∈Fix(fk)∩Kn(µ)
|Jac dfkx |Eux |
−1.
With (23), for 0 < α < χ(µ) we conclude that
hµ(f) +
∫
ϕudµ ≤ lim sup
k→∞
1
k
log
∑
x∈SFix(f,α,c0(n))(f
k)
|Jac dfkx |Eux |
−1
≤ lim
c→0
Pf,SP(ϕ
u, α, c) ≤ Pf,SP(ϕ
u).
Consider now a hyperbolic measure µ ∈ME with hµ(f) = 0. By [8, The-
orem S.5.5], for every x ∈ suppµ and every δ > 0 there exists a hyperbolic
periodic point z, say of period m, in any small neighborhood V of x. In
particular, one derives that |ϕu(z) + log |Jac dfmx |Eux |
1/m| is small. By local
maximality of Λ we conclude z ∈ Λ. From here we obtain for 0 < α < χ(µ)∫
ϕudµ ≤ lim
c→0
Pf,SP(ϕ
u, α, c) ≤ Pf,SP(ϕ
u).
With the above we can conclude that
sup
µ∈ME hyperbolic
(
hµ(f) +
∫
ϕudµ
)
≤ Pf,SP(ϕ
u).
It follows from [6, Theorem 4] that
lim
c→0
Pf,SP(ϕ
u, α, c) ≤ sup
(
hν(f) +
∫
ϕudν
)
,
where the supremum is taken over all hyperbolic measures ν ∈ ME with
α ≤ χ(ν).
The remaining equality follows with Theorem 2. This proves Theorem 1.
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